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We propose a new expression for the response of a quadrant detector using convolution
integrals. This expression is easier to evaluate by hand, exploiting the properties of the con-
volution. Computationally, it is also practicable to use since a large number of computer
programs can right away evaluate convolutions. We use the new expression to obtain an
analytical form of the response of a quadrant detector to a Gaussian beam and to Hermite-
Gaussian beams in general. We compare this analytic expression for the response for the
Gaussian beam with the approximations from previous studies and with a response obtained
through simulations. From the response, we also obtained an analytical form for the sensitiv-
ity of the quadrant detector to a Gaussian beam. Lastly, we demonstrate the computational
ease of using our new expression for the response calculating the sensitivity of the quadrant
detector to the Bessel beam.
PACS numbers: 07.07.Df Sensors , 06.60.Sx Positioning and alignment, 85.60.Bt Optoelec-
tronic device characterization, design, and modeling, 42.60.Jf Beam characteristics: profile,
intensity, and power
Keywords: quadrant detector, structured beams, response, sensitivity
I. INTRODUCTION
Position sensitive devices, such as quadrant detectors,
have attracted the interest of the scientific community
ever since Putman, in 1992, showed that beam deflection
techniques have comparable sensitivities as interferomet-
ric methods1. To date, quadrants detectors are widely
used in atomic force microscopy, image scanning mi-
croscopy, laser alignment, space communication, and in
optical tweezing, to name a few1–5. Nonetheless, exper-
imental and theoretical ventures are still being pursued
to improve the position estimate and the sensitivity of
the quadrant detectors6–11. This is mainly accomplished
either by configuring the quadrant detector or by chang-
ing the structure of the beam incident on the quadrant
detector12–17. Ironically, the biggest challenges in the
advances of quadrant detection are the calculation of the
response and the sensitivity of the quadrant detector18,19.
This difficulty is principally due to complicated integrals
involved in calculating such quantities6,7,20. Thus, the
analysis of the response and the sensitivity of quadrant
detectors have mainly relied on numerical simulations
and on approximations such as, if the beam size or the
beam displacement is very small compared to the detec-
tor size19–21
In this work, we introduce an expression for the re-
sponse of the quadrant detector by using the convolution.
We use this method to obtain analytical expressions for
the response of the quadrant detector to the Gaussian
beam and Hermite-Gaussian beams. From the response,
we also obtain an analytical expression for the the sensi-
tivity for the Gaussian beam. The response for the Gaus-
sian beam is compared with previous approximations in
Ref.19 and18, and with numerical simulations. We also
demonstrate the computationally ease of our expression
by calculating the response for the Bessel beam.
a)Electronic mail: jnarag@nip.upd.edu.ph
II. RESPONSE AS A CONVOLUTION
The response of the quadrant detector is the position
estimate of the laser beam relative to the center of the
quadrant detector. It is obtained by comparing the in-
tensities impinging on the 4 quadrants of the detector
and is given by,
Rx(x, y) =
(I1 + I4)− (I2 + I3)
I1 + I2 + I3 + I4
, (1)
Ry(x, y) =
(I1 + I2)− (I3 + I4)
I1 + I2 + I3 + I4
, (2)
where Rx(x, y) and Ry(x, y) are the responses in the hor-
izontal and vertical directions, respectively, and I1(x, y)
to I4(x, y) are the intensities on quadrants 1 to 4 of the
detector, respectively. From (1), Rx can be understood
as the the difference in the intensity between the left and
right halves of the detector, scaled by the total inten-
sity on the four quadrants of the detector. Similarly, Ry
is the difference between the intensity in the upper and
lower halves of the detector, scaled by the total inten-
sity. Although these formulas for the response are sim-
ple, they are arduous to evaluate because of the Ii(x, y)’s
involve integrals over the ith quadrant which depend on
the beam position and the beam profile. This makes the
setting up of the integral equally difficult as evaluating it.
Our new expression simplifies these integrals by recasting
it in terms of the convolution.
In 1D, the convolution, h(x), of two functions, f(x)
and g(x), denoted by,
h(x) = f(x) ∗ g(x) =
∫ +∞
−∞
f(x′)g(x− x′)dx′, (3)
can be interpreted as the multiplicative overlap of the
functions f(x) and g(x) when they are translated x dis-
tance away from one another. In 2D, the convolution is
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given by,
H(x, y) = F (x, y) ∗ ∗G(x, y) (4)
=
∫ +∞
−∞
∫ +∞
−∞
F (x′, y′)G(x− x′, y − y′)dx′dy′.
(5)
Again, this can be interpreted as a multiplicative over-
lap between the functions F (x, y) and G(x, y) when they
are separated by a distance x and y in the horizontal and
vertical directions, respectively. We can therefore express
the intensities on each half on the detector as the con-
volution of the beam profile and the function describing
the corresponding half of the detector,
I1 + I2 = Dr(x, y) ∗ ∗B(x, y), (6)
I3 + I4 = Dl(x, y) ∗ ∗B(x, y), (7)
where B(x, y) is the beam intensity profile and Dr and
Dl are the functions corresponding to the right and left
halves of the quadrant detector, respectively. For a
square detector of unit side length, Dr and Dl are re-
spectively defined as,
Dr(x, y) =
{
1, 0 ≤ x ≤ 1, −1 ≤ y ≤ 1
0, otherwise,
(8)
Dl(x, y) =
{
1, −1 ≤ x ≤ 0, −1 ≤ y ≤ 1
0, otherwise.
(9)
Using these definitions, Eq. (1) can rewritten as,
Rx(x, y) =
Dr(x, y) ∗ ∗Bi(x, y)−Dl ∗ ∗Bi(x, y)
Dr(x, y) ∗ ∗Bi(x, y) +Dl ∗ ∗Bi(x, y) . (10)
Similarly we can rewrite (2) as,
Ry(x, y) =
Dt(x, y) ∗ ∗Bi(x, y)−Db ∗ ∗Bi(x, y)
Dt(x, y) ∗ ∗Bi(x, y) +Db ∗ ∗Bi(x, y) , (11)
where Dt and Db correspond to the top and the bot-
tom halves of the detector and are, for a square detector,
defined as,
Dt(x, y) =
{
1, 0 ≤ y ≤ 1, −1 ≤ x ≤ 1
0, otherwise,
(12)
Db(x, y) =
{
1, −1 ≤ y ≤ 0, −1 ≤ x ≤ 1
0, otherwise.
(13)
These new equations, Eqs. (10) and (11), for the re-
sponse looks more intimidating than the original equa-
tions, Eqs. (1) and (2), and it seems like we haven’t
gained the simplicity we desired. But, by writing the
response as convolutions, we have completely eliminated
the process of setting up the integral which can be as
hard as evaluating the integral themselves. Furthermore,
for special cases, the properties of the convolution can be
exploited to simplify the evaluation of the integral. In
the next sections, we use Eqs. (10) and (11) to obtain
analytical expressions for the responses for the Gaussian
beam and the Hermite-Gaussian beams.
III. RESPONSE AND SENSITIVITY FOR GAUSSIAN
Using Eq. (10), we calculate the response Rx of the
quadrant detector to a Gaussian beam given by,
G(x, y) = G0 exp
(
− 2
w20
(x2 + y2)
)
(14)
where w0 is the beam waist and G0 is a normalization
constant. Evaluating (10) for the Gaussian beam gives,
RGx (x, y) =
Dr(x, y) ∗ ∗G(x, y)−Dl ∗ ∗G(x, y)
Dr(x, y) ∗ ∗G(x, y) +Dl ∗ ∗G(x, y) (15)
=
{∫ +∞
−∞
∫ +∞
−∞
Dr(x, y)G(x
′ − x, y′ − y)dxdy
−
∫ +∞
−∞
∫ +∞
−∞
Dl(x, y)G(x
′ − x, y′ − y)dxdy
}
÷
{∫ +∞
−∞
∫ +∞
−∞
Dr(x, y)G(x
′ − x, y′ − y)dxdy
+
∫ +∞
−∞
∫ +∞
−∞
Dl(x, y)G(x
′ − x, y′ − y)dxdy
}
(16)
RGx =
2erf
(√
2 xw0
)
− erf
(√
2x+1w0
)
− erf
(√
2x−1w0
)
erf
(√
2x+1w0
)
− erf
(√
2x−1w0
)
(17)
where erf(x) is the error function. This demonstrates how
much easier it is to calculate the the response as we did
not have to deal with setting up the Ii(x, y)’s. Addition-
ally, the infinite integrals in the convolution are reduced
to finite integrals since the detector functions, Dr and
Dl are unity and are non-zero only over the finite regions
0 ≤ x ≤ 1,−1 ≤ y ≤ 1 and −1 ≤ x ≤ 0,−1 ≤ y ≤ 1,
respectively. Moreover, we did not have to evaluate the
y-integrals because the symmetry of the Gaussian beam
and the detector functions allowed the separation of the
2D integrals into two separate integrals in x and y, and
the y-integrals cancel out. Thus the response, RGx , only
depends on x as expected. This result that the response
should not depend on y agrees with intuition since along
any horizontal line the intensity distribution remains a
Gaussian. Also because of the symmetry, the response in
the y-direction, RGy (x, y), is the same as (17) but with x
replaced with y and with y replaced with x,
RGy =
2erf
(√
2 yw0
)
− erf
(√
2y+1w0
)
− erf
(√
2y−1w0
)
erf
(√
2y+1w0
)
− erf
(√
2y−1w0
) .
(18)
In the calculations above, we have implicitly defined
the beam displacement relative to the detector size when
we defined the detector functions in Eqs. (8) to (9) and
(12) to (13). That is, the detector side length is 2 units.
The sensitivity is then obtained by differentiating the
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response, RGX with respect to the x,
Sx =
dRGx
dx
(19)
=
4
wo
√
2
pi
{
exp
(√
2(x)
wo
)
erf
(−2(x2)
w2o
)
+ exp
(√
2(x+ 1)
wo
)
erf
(−2((x− 1)2)
w2o
)
− exp
(√
2(x− 1)
wo
)
erf
(−2((x+ 1)2)
w2o
)}
÷
{
erf
(√
2(x+ 1)
wo
)
− erf
(√
2(x− 1)
wo
)}2
.
(20)
We have only calculated the sensitivities in the x-
directions. However, due to the symmetry of the Gaus-
sian beam Sy(y) = Sx(x). Also, notice that the sen-
sitivity in x is independent of y. This means that the
alignment of the beam along the y-axis will not have any
effect on the sensitivity along the x-axis, and vice versa.
This is true only for beams that have separable x and y
integrals as we will show later.
Additionally, we can also compute for the response of
a general Hermite-Gaussian beam, with intensity given
by,
Ilm = IoH
2
l
(√
2x
w
)
H2m
(√
2y
w
)
exp
(−2(x+ y)2
w2
)
,
(21)
where Io is a normalization, ω is the beam waist and
Hn(x) are the Hermite polynomials, (10) gives,
Rhgl=0 =

∑l
v=0
√
pi
2 2
2l−vv!
(
l
v
)2{ 2x1F1(l−v+ 11 ; 32 ;−2x2w2 )−(x+1)1F1(l−v+ 11 ; 32 ;−2(x+1)2w2 )−(x−1)1F1(l−v+ 11 ; 32 ;−2(x−1)2w2 )
w√
2
Γ( 12+v−l)
+
21F1(l−v; 12 ;−2x
2
w2
)−1F1(l−v; 12 ;−2(x+1)
2
w2
)−1F1(l−v; 12 ;−2(x−1)
2
w2
)
2(l−v)Γ(v−l)
}
∑l
v=0
√
pi
2 2
2l−vv!
(
l
v
)2{ (x+1)1F1(l−v+ 12 ; 32 ;−2(x+1)2w2 )−(x+1)1F1(l−v+ 12 ; 32 ;−2(x+1)2w2 )
w√
2
Γ( 12+v−l)
+
1F1(l−v; 12 ;−2(x+1)
2
w2
)−1F1(l−v; 12 ;−2(x−1)
2
w2
)
2(l−v)Γ(v−l)
}

(22)
Again RHGx is independent not only on y, but also
on the the mode, m, of the Hermite polynomial that en-
velops the y direction. This is a less intuitive result, since
the intensity along horizontal lines across HG beams with
arbitrary modes is not constant. The resolution to this is
that, just like for the Gaussian beam, the 2D convolution
for the HG beam is also separable into two integrals in
x and in y and the division kills out the y integrals. For
l = 0, the summations in RHGx reduce to single terms
and with the following identities,
erf(x) =
2x√
pi 1
F1(
1
2
,
3
2
,−x2), (23)
1F1(0,
1
2
,−x2) = 1, (24)
lim
x→0
xΓ(x) = 1, (25)
we obtain the the response for the Gaussian beam in Eq.
(17). In the next section, we compare the response of the
Gaussian beam to previous studies and to simulations
and also computationally obtain the response for a Bessel
beam.
IV. NUMERICAL RESULTS
We simulated the response of a quadrant detector to
a Gaussian beam by generating an n x n image of the
Gaussian beam, then taking the difference between the
sum of the pixel values in the left and in the right half
of the image and dividing by the total pixel value of the
whole image,
Rx(x) =
n∑
j=−n
n∑
i=n2
Iji −
n∑
j=−n
n∑
i=1
Iji
n∑
j=−n
n∑
i=n2
Iji +
n∑
j=−n
n∑
i=1
Iji
(26)
where Iji is the pixel value of the j-ith element of the im-
age. The Gaussian beam was then translated along the
x-axis to obtain the response for different beam displace-
ments. Figure 1 illustrates the simulation for a Bessel
beam.
This process of simulating the response arises from the
definition given by Eq. (1). We compared this with the
analytical expression Eq. (10) by plotting them in Fig.
2. Also included in Fig. 2 are the approximations for the
response from the results of Ref. [18] and Ref. [19]. We
used the result with l = 0 to correspond to a Gaussian
beam in Ref. [19]. Reference [18] derived an approximate
form, not for the response, but for the sensitivity for the
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FIG. 1. Simulation process of obtaining the response by ap-
plying Eq. (1) thru Eq. (26). The intensity differences and
sums of the quadrants are obtained to determine the response
and sensitivity with displacement of the QD.
Gaussian beam. We obtained the corresponding response
by straightforward integration. As shown in Fig. 2, our
expression for the response in Eq. (17), agrees well with
the numerical results. While the approximations from
Ref. [18] and Ref. [19] are only acceptable for small
displacements as shown in the inset.
To illustrate the computational ease of using Eq. (10),
we apply it to a Bessel beam given by,
J(r, θ) = B0 J0
2(kr), (27)
where J0(r) is the zeroth-order Bessel function, k is the
wave vector and B0 is a normalization. Since the Bessel
beam is more naturally defined in polar coordinates, it
will be hard to compute its response by hand. However,
we can let the computer evaluate Eq. (10) with a few lines
of code. Figure 3 shows the response in x of the quadrant
detector to the Bessel beam obtained by computationally
applying Eq. (10), shown in orange, and by simulation
using Eq. (1), shown in blue. The simulation for obtain-
FIG. 2. Response Rx as a function of x-displacement rela-
tive to the detector’s center. Our derived expression for Rx
agrees well with the simulated response from Eq. (26) and in
approximations due to18,19.
FIG. 3. Response Rx as a function of x- displacement for the
Bessel beam when the beam is centered in y. Our expression
from the convolution integrals gives similar result with the
simulation.
ing the response was the same as described previously for
the Gaussian beam. Again, it is obvious from the plot,
that they are equivalent to each other. The main differ-
ence is that Eq. (10) is more straightforward to apply
computationally than to do the simulation based on Eq.
(1). Another advantage to using Eq. (10) over Eq. (1), is
that it automatically gives the response as a function of
x and y as shown in Fig. 3. Note that, in contrast to the
Gaussian and HG beam, the response for the Bessel de-
pends in both x and y, as depicted by the non-symmetry
in y. That is, there is a slight curving in the lines of
constant response instead of straight vertical lines for a
Gaussian beam. This means the the vertical position re-
sponse depends on the horizontal alignment of the beam.
The reason is because the intensity distribution of the
Bessel cannot be written as a product f(x)g(y), thus the
2D convolution cannot be decomposed into two integrals
in x and y and the response is a function of both x and
y.
V. CONCLUSION
We present an expression for the response of the quad-
rant detector using convolution integrals in this paper.
This expression is easier to evaluate by hand because it
skips the process of setting up the integral which can
be as hard the the evaluating it. Computationally, it is
also more straightforward to execute since the convolu-
tion is directly calculated by many different softwares.
We use our expression to obtain analytical forms of the
response for the Gaussian beam and HG beam. We also
demonstrated the computational ease for our method by
calculating the response of the Bessel beam. We show
that for beams that have separable x and y integrals, the
response and hence, the sensitivity for a certain axis is
independent of the beam’s position perpendicular to that
axis where it is being displaced. Since Bessel beams have
non-separable x and y integrals, the response and sensi-
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FIG. 4. Response Rx as a function of x and y-displacement for
the Bessel beam. When the beam is offset in the y-direction,
the Rx changes and hence the Sx also differs.
tivity changes with the beam’s position. Our results are
important in position measurements using quadrant de-
tectors and in the optimization of the quadrant detector
for various applications.
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